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Bregman Divergence, Condition number

Bregman Divergence

For F: X — R a continuously-differentiable convex function (a
potential function), we can define :

Definition (Bregman Divergence)

Vx,e € X, DF (x + €,x) := F(x + €) — F(x) — (VF(x),€)

Figure: Bregman divergence
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Bregman Divergence, Condition number

Smoothness and strong convexity

Definition (Bregman Divergence)

Vx,e € X, DF(x + €,x) := F(x + €) — F(x) — (VF(x), ¢€)
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Bregman Divergence, Condition number

Smoothness and strong convexity

Definition (Bregman Divergence)

Vx,e € X, DF(x + €,x) := F(x + €) — F(x) — (VF(x), ¢€)

Definition (Smoothness,SC, condition number L/pu)

L
Vx,e € X, DF (x + €,x) < 5”5”2

Vx,e € X, DF (x + ¢,x) > %HeHz
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Bregman Divergence, Condition number

Smoothness and strong convexity

Definition (Bregman Divergence)

Vx,e € X, DF(x + €,x) := F(x + €) — F(x) — (VF(x), ¢€)

Definition (Smoothness,SC, condition number L/pu)

L
Vx,e € X, DF (x + €,x) < 5”5”2

Vx,e € X, DF (x + ¢,x) > %HeHz

Definition (Mirror descent)

Xep1 = arg min {(VF(xt),x) + ntDQ(x,xt)}
xeX
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Bregman Divergence, Condition number

Bregman divergence and mirror descent

Any question ?
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Mirror descent

Composite setting

)r(réi/’r\l V(x) = F(x) + H(x)

@ the loss function F is L-smooth and p-strongly-convex
o the regularizer H is convex

An example would be Ridge regression :

i By [} " = 5|+ x5, (1)

c.w.lezane@utwente.nl Complementary Composite Minimization



Mirror descent

Stochastic Mirror Descent (SMD)

We consider G(x¢,&:) to be an unbiased estimator of VF:
Xer1 = arg)r(nei)r} {at<<G(xt,§t),x> + H(X)> + vt V(x,xt)}

For the stochastic error A¢(x;) := G(x¢, &) — VF(x¢), we assume
that forall t > 1 :

{E[At(xt)l - 2

E[Ac(x)lZ] <o®

Remark Dual norm is defined as : ||y[[. = supj <1 [{x, )|
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Mirror descent

"Mirror" Interpretation

If H=0, we notice that :

Xep1 = arg)r(’gi}r} {(gt,x> + %V(X,Xt)}

Qi

a
— V\/(Xt+1) = V\/(Xt—) — Ttgt
t
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Mirror descent

Linear SA convergence

If we choose V = DF and the step sizes respecting the following
criteria

n
Q2 Vbl — TVt

— ag  _ >aext .
then as we note A =, a; and x3°, ; = o

Y > 2Ly, = 2kay
{ (3)

ATV (xF ) — V()T + 97V, x741)
T T 2facde(xe)I3
< V(o xa) + Doy (B (xe) X — xe) + D24y e
(4)
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Mirror descent

Linear SA convergence : Application

If we choose :

(t+ 125)2 (5)

ar =t+ 1412k
Tt = 5

then forall T>1:

E[W(x# 1) = V(x) + V(X*7XT+1)]
< Kll‘f V(X*7X1) + K20' (6)

with K1 = 108 and K> = 20.
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Mirror descent

Restarting algorithm 1/2

Algorithm Algorithm Multistage SA

Require: n >0, T >0, x; € X, K, algorithm A
Consider initial start point : x¥ = x
for1< k<ndo
Run Algorlthm A with K iterations, start point xf < X;;+11
Output XKJrl
end for
Run algorithm A with T iterations, start point x"+1 = XK1

compute the weighted output xT+1.

c.w.lezane@utwente.nl Complementary Composite Minimization



Mirror descent

Restarting algorithm 2/2

Consider (x711,x3%,1) the output of an algorithm, such that there
exist K1, Kz, K3 and a1 > a», a3 such that for all T

Ky D¥(x,. K, K
1D%(x X1)+ > 3

T T o2 + Tos
(7)

Then for the output Y71 of the restarting algorithm, we have:

E[(yri1) = V" + D¥(xe, x741)] <

D¥(x,, 2K 2K:
(X, x1) 2Jr 3

*
E \U(YT+1) -V - on+1 T2 Tos
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Mirror descent

Accelerated methods 1/2

X{‘nd — A;\:].Xt‘?g + %;Xt

xer1 = argming{a:[(G(xM, &), x)] + 7 V(x, x¢) }
Ai_

x5 = T+ G

lﬁ
|
f >
(

Figure: Accelerated methods

Complementary Composite Minimization
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Mirror descent

Accelerated methods 2/2

If we choose :

{at = t2+ 1 (8)

v =% +8k
then forall T>1:
E [W(X?,-il) —V(x) + V(x, XT+1)]

Kk V (xx,x1) K}o? (9)
T? + uT

<
with restarting algorithm, the complexity becomes:

0(1) <f|og< (X*’X1)> + Uz)

€
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Mirror descent

State of the art

Log Relative errors

Extended Ridge regression (q=10.0,d=50,CoeffL=20.0)

— Lan Accelerated
—— NACSMD
15 — ACSMD

10

54

0 200 400 600 800 1000
Number iterations/ Iteration required, for Lan 504, NACSMD 999, ACSMD 263

Any question 7
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Regulation and Composite setting

Problem :

condition number in high dimension

Lemma (NY83, AGJ18)

Let X C RY with an interior not empty, if F : X — R is L-smooth,
p-strongly convex w.r.t the norm || - |

q. then :

di=%
2

xllq = (X bal)

Ki=—2

=~

Recall For x € R¥, |

Q=
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Regulation and Composite setting

Proof 1/2
. _ VF(x0) .
We consider e; = TVEGOT and we complete it to make an
orthogonal base (e, ..., e4), with some weights &, € {—1,1},
k

the idea is to build x, = xg + ﬁ >
We choose dx.1 such that :

1 6;€ej progressively.

1=

dk+1 = sign({VF(xx), ek+1))
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Regulation and Composite setting

Proof 1/2
. _ VF(x0) .
We consider e; = TVEGOT and we complete it to make an
orthogonal base (e, ..., e4), with some weights &, € {—1,1},

the idea is to build x, = xg + ﬁ Zf'(:1 0;e; progressively.
We choose dx.1 such that :

dk+1 = sign({VF(xx), ek+1))

The strong convexity makes :

DF(Xk+1,Xk) > HHXkJrl - Xk”<27

F(xt1) = F(x) = (VF(xi), Sv1€u41) 2 Qdi/q
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Regulation and Composite setting

Proof 2/2

As we obtain for all k,

1
2d2/a

F(xk+1) — F(xk) — (VF(xk), Okt1€k+1) >

We sum up the previous equation d times,

ud
F(Xd_;,_l) — F(Xo) — <VF(X0), 5161) > 242/
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Regulation and Composite setting

Proof 2/2

As we obtain for all k,

7

Flxesn) = FO%) = (VF(s). dsaeia) > o7

We sum up the previous equation d times,

ud
F(Xd_;,_l) — F(Xo) — <VF(X0), 5161) > 242/

AS DF(Xd+1,X0) = F(Xd+1) — F(Xo) — <VF(X0),51€1>,

pd' 4
2

L
§||Xd+1 — xoll2 > Dr(xd+1,%0) >
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Regulation and Composite setting

Complementary composite setting

)r(réi/’r\l V(x) = F(x) + H(x)

with F being (L, k)-weakly-smooth and H being (1, g)-uniformly
convex w.r.t. the same norm || - ||.

Definition ((L, k) weak-smoothness)

L
VX7y € Xv DF(va) < ;HX_yHK

.

Definition ((1, g) uniform convexity)

Vx,y € X, DM(x,y) > gux—ynq

.
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Regulation and Composite setting

Assumptions

We consider G(x¢, &) to be an unbiased estimator of VF and
% + % =1, we assume that for all t > 1:

Ai(xt) == G(x¢, &) — VF(xt)
E[A¢(x)] =0 (10)
E [[[Ac(xe)[E] < aP,

and

{at 2 Ye+l — Ve
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Regulation and Composite setting

Convergence rate

Under good assumptions, we have for all T > 1:

E [\U(x;‘il) — V" 4 D(xe, xT41)]

-0 LT Vy N7 L oP
=P\ @A ) T T T

where Vo = D¥(x,,x1) and Og,,, omits absolute constants that
depend on q, k.
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Regulation and Composite setting

Extended Regression problem

min B {(a"x = b)?] + x5 (1)

We generate synthetic data from a uniform distribution ¢/ and
Gaussian noise:

2~ U(-1,1)%)
b=a'x +¢, &~ N(0,0p).

then :

{DF(X*,X) =Eap) [(aT (x = 2))2} = 3lx = xI3.

slx =xdz < DF(x.x)
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Regulation and Composite setting

Simulation result

We run the simulation 50 times and take the average of the
expected error. We note the required iterations to first hit the
precision € = 0.01:

Iteration required ‘ Lan ‘ NACSMD ‘ ACSMD ‘

d=20 91 81 32
d=50 110 66 26
d=100 145 82 33
d=200 138 76 26

Table: Simulation results with different dimensions
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Regulation and Composite setting

Take home messages

@ Role of condition number for smooth problems

@ Condition number in non-Euclidean space, different tricks to
reduce the related complexity

@ Role of moment order in Stochastic optimization
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