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Linear regression setting

Under random design

y; = xl.TﬁO+ &, 1=1,...,n

e [y € RP unknown true coefficient vector

e i.i.d. observations (x;, y;) of RP-valued feature vectors x;, R-valued responses y;

o 81 error Variab|eS, _[81‘)61] — O, Var(gllxl) — 62, o > O

* p > n possible (high-dim. setting)
. short: y = Xf3, + e withy := (v, ...,y,) , X == (xp,...,x )", e := (g, ...,€,)"

n n
. assumptions: f, = X7 Xf,, 2,:1 ..... - (X'y, Vj>2 >0,i=1,...,p



Penalised least squares criterion

= Ridge regression (RR) objective

3RR .= argmin & th & i XZ— 2, 120
S =argmin &,(f) wit AP) = Hy Pl + =Pl

PERP
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e 1 =0: ,BAgR = Xy minimum-norm solution of y = X/, 351 := &* [Aliet al. 2019]
e 1> 0: ,BA/'?R = izl .n~'X"y, where 2/1 =3 4 AL, with > :=n"XTX

o for simplicity: assume 2/1 has p distinct eigenvalues



Penalised least squares criterion

= Ridge regression (RR) objective

&)= o-lly = XBI* +5 118117
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normal equations: ,B 21/2 st. =6+ 251/28/1



solver : {‘auto’, ‘svd’, ‘cholesky’, ‘Isqr’ ‘sparse_cg’, ‘sag’, ‘saga’, ‘Ibfgs’}, default="auto’

H OW tO Solver to use in the computational routines:

e 'auto’ chooses the solver automatically based on the type of data.

ca I cu Iate the e 'svd’' uses a Singular Value Decomposition of X to compute the Ridge coefficients. It is the
R R esti m ato r i n most stable solver, in particular more stable for singular matrices than ‘cholesky’ at the

practice? '

= ) learn Q

A > APl Reference > sklearn.linear_model > Ridge

e ‘cholesky’ uses the standard scipy.linalg.solve function to obtain a closed-form solution.

e ‘sparse_cg’ uses the conjugate gradient solver as found in scipy.sparse.linalg.cg. As an
iterative algorithm, this solver is more appropriate than ‘cholesky’ for large-scale data
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(possibility to set tol and max_iter).

e ‘Isqgr' uses the dedicated regularized least-squares routine scipy.sparse.linalg.lsqgr. It is the

Rl d g e fastest and uses an iterative procedure.

e ‘sag’' uses a Stochastic Average Gradient descent, and ‘saga’ uses its improved, unbiased
class sklearn.linear_model.Ridge (alpha=1.0, *, version named SAGA. Both methods also use an iterative procedure, and are often faster
fit _intercernt-Triia ranv Y=True, max_iter=None, , ,
tol=0.0001 solver='auto' positive=False than other solvers when both n_samples and n_features are large. Note that ‘sag’ and
random_state=None) [source] ‘'saga’ fast convergence is only guaranteed on features with approximately the same scale.

Linear least squares with [2 regularization. You can preprocess the data with a scaler from sklearn.preprocessing.

Minimizes the objective function:
e 'Ibfgs’ uses L-BFGS-B algorithm implemented in scipy.optimize.minimize . It can be

[y - Xw]72_2 + alpha * ||w]|"2_2 used only when positive is True.
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e ‘cholesky’ uses the standard scipy.linalg.solve function to obtain a closed-form solution.

e ‘sparse_cg’' uses the conjugate gradient solver as found in scipy.sparse.linalg.cg. As an
iterative algorithm, this solver is more appropriate than ‘cholesky’ for large-scale data
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(possibility to set tol and max_iter).

e ‘Isqgr' uses the dedicated regularized least-squares routine scipy.sparse.linalg.lsqgr. It is the

RI d g e fastest and uses an iterative procedure.

e ‘sag’' uses a Stochastic Average Gradient descent, and ‘saga’ uses its improved, unbiased
class sklearn.linear_model.Ridge (alpha=1.0, *, version named SAGA. Both methods also use an iterative procedure, and are often faster
fit_intercer*-Triia ranuv Y=True, max_iter=None, , ,
tol=0.0001 solver='auto' positive=False, than other solvers when both n_samples and n_features are large. Note that ‘sag’ and
random_state=None) [source] ‘saga’ fast convergence is only guaranteed on features with approximately the same scale.

Linear least squares with 12 regularization. You can prenrocess the data with a scaler from sklearn nrenrocessina.

Minimizes the objective function:
e 'Ibfgs’ uses

lly = Xw||"2_2 + alpha * ||w||"2_2 used onIy W

By iterative solvers!



Gradient descent/flow (GD/GF)

n >0, kENﬁMo

P =P —nVE PSP )
— /(la,z?,k—l — 77(2/1:5,1;7k 1 = 21/2%1)



Gradient descent/flow (GD/GF)

n > 0, kEN,BMO
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Gradient descent/flow (GD/GF)

n > 0, kEN,BMO

ﬁ/lnk ﬁ/mk 1 ”ng(ﬁ/mk )
(K,

k—>oo,l ,5 A k—1 ’7(2,1,5 A k— 1_21/2%1)

t >0
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Gradient descent/flow (GD/GF)

n > 0, kEN,BMO

P =P —nVE PSP )

e = 1% 12
k—>oo,l ,6 Ak—1 77(2,1,6 Ank—1 Z y/l)

t >0

ftF = 2;1/2(1], — RE (X)),
REF(x) = exp(—1x)



Gradient descent/flow (GD/GF) Conjugate gradients (CG)

n > O k € N ﬁ o, 0 Algorithm 1 Penalised CG method
AGD AGD 1: ,3;\3,%4%0, qo %XT’y, do < qo, eg < Xdp, k=1
= — V g 2: while (no division by zero) do
;/] B t/};{ﬂ,k /’{,ﬂak—l ;7 /I(ﬁ ,7’] k 1) 3. ap ”qk_1”2/(%”ek_1”2 4 >‘||dl~c—1||2)
r — UK, A ACG ,  ACG
— nGD _ - N1/2 4 BXk < BXk_1 T ardr—1
. 00,1 B /1,77,]{—1 ;/](E/lﬂ 77 k 1 Z y/l) O qr < qk—1 — —XTek 1 — Aagdi_1
=0 6 b+ llael/llak1]?
2GF _ $—1/2 GF /5 72 dk < gk + bpdi—1
At 2/1 (Ip o Rt (Zﬂ))y/l’ 8: er — Xdg
GF 9: k+—k+1
Rt ()C) — eXp(—tx) 10: end while




Gradient descent/flow (GD/GF) Conjugate gradients (CG)

o =27, = Ry e =2, = RS,
CG._ - & o)
REF(x) = exp(—1x) R>:= arg mmPkHPk(Zﬂ)yﬂH

[Phatak and de Hoog 2002]



Gradient descent/flow (GD/GF) Conjugate gradients (CG)

o =27, = Ry e =2, = RS,
CG._ - & o)
REF(x) = exp(—1x) R>:= arg mmPkHPk(Zﬂ)yﬂH

[Phatak and de Hoog 2002]
2CG _ ARR
= P Ap P4



Gradient descent/flow (GD/GF) Conjugate gradients (CG)

continuous iteration path:

JoF = 37121 — REF(E)y,. t=k+a ke[0p-1], ac (0,1]
RCF(x) = exp(—1x) CG:= X7V — REC(E D))
R°:=(1—-aR 7+ aR 5

[Hucker and Reif3 2025]



Error analysis

For in-sample prediction errors

e pure prediction error: n_l\lX(ﬁA — ﬂO)HZ = Hil/z(ﬁ — ,BO)H2

* population risk:

B~ E[8,(B) | X] = ZIIZV%B - BI* +50*+ 5122612 =S 122817

* excess penalised prediction error:

123206 = Bl> = n= XS = BN + AllG = BilI> =: ], (B)

* regularised in-sample prediction |oss:

fi”y(ﬁ) = |IZ2(B = II> = NIXB = DI*+ 2B -7l
. prediction risk: 9?'/{1},(,5) = —[f/'{"y(ﬁ) | X]




Standard prediction error decomposition

(Useful for linear regularisation methods)

Consider for any residual filter function R : [0,00) — R the estimatorﬂA = i/{m(lp — R(iﬂ))y/l.

Then the penalised prediction loss satisfies £ /i{"y(,BA) = A, (R)+ 5,(R) -2C, (R)
with approximation, stochastic and cross term errors
AR = IZ2RED, + = P
S)(R) = |I(1, — R(Z))e, I,
C,,(R) = (X)ARED, + (v — B)). (I, — R(Z))e,) .
f R is deterministic, then ' (f) = A, (R)+ %ztrace((lp — R(Z))*27IY).



Prediction error decomposition for CG
[Hucker and Reif3 2025, Proposition 5.2]

- denote by x; , the smallest zero on [0,00) of RS, t € (0,p]
. forx 2> 0, R2(x) := RF°(x0)1(x < x; ), RS (x) := RFC(x0)1(x > x; ,)
Att € |0,p], the penalised CG estimator satisfies for y = f,

In CG CG CG CG CG
£ (B = ASS 4550 — 208 < 2ALS + 255

with approximation, stochastic and cross term errors given by

Arg = IIZPREEE) B IIP + IRECE Dyl = IREEED Pyl < IZPREEE) B,11%,

SCG-— H(I —R (2,1))1/28,1”2 Cfg ‘= <R (2,1))’,1, £;) -
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pi= | (R°)(0)],

(1 o ptx)

< R7C(x) <exp(—p)x, x € [0x ]

[Hucker and Reil3 2025, Lemma 4.7]
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pe=1(R7°)(0)],
(1 —px), < RC(x) < exp(—=p)x, x € [0x ]

[Hucker and Reil3 2025, Lemma 4.7]
Let 1 € [0,p]. Assume that y € R satisfies the condition (CROSS)

(E,exp(=p)/2)B.7 = B;) = 0.

Then the regularised in-sample prediction loss for the CG estimator is bounded by

n ( ACG TCG |, AGCG
C\Pi0) S 4AD + 257

with y-dependent approximation and stochastic error bounds

ASO = |28, — exp(—p2)/2)B, = DI 552 = [I(p.Z; A D)%,



Main result

Compare CG and GF errors up to a random time shift

e inverting f = p,/2, introduce the random times
1= inf(F € [0.p] || (RE)(0)| > 21} Ap, 120

under (CROSS), " (%) < 4A, (RSF)+2trace((2t A 715
° S RA R XA A YN - A
* remains to compare stochastic errors

Let &£ ,(7) := trace(exp(—ti/l)) fort = 0. If 2,1 > (), then for #, > 0

C,, = Ch (Z:(1r)) < 21230 (0,00)
0,4 ° 0,4 AN O VN £ Sf/’{( tO) —= Mo
holds, and under (CROSS) for y we have
A 2(1 + CO, ) A
Vizty: R < Ry BT

1 —exp(=1/2)
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Comparing regularisation paths of (conjugate)

gradient estimators in ridge regression
Laura Hucker, Markus ReiR, Thomas Stark

We consider standard gradient descent, gradient flow and conjugate gradients
as iterative algorithms for minimizing a penalized ridge criterion in linear
regression. While it is well known that conjugate gradients exhibit fast
numerical convergence, the statistical properties of their iterates are more
difficult to assess due to inherent nonlinearities and dependencies. On the
other hand, standard gradient flow is a linear method with well known
regularizing properties when stopped early. By an explicit non-standard error
decomposition we are able to bound the prediction error for conjugate
gradient iterates by a corresponding prediction error of gradient flow at
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