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Introduction

Directional statistics deals with data on non-linear manifolds.

This data arises in earth sciences, meteorology, astronomy, life sciences, etc.
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Protein data

Jacobsen et al. (2023) García-Portugués et al. (2015)
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Protein structure

Jacobsen et al. (2023)
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Protein structure

Lane (2023)

• Demis Hassabis and John
Jumper won the Nobel Prize
in Chemistry 2024 for pro-
tein structure prediction.

• Open questions in the areas
of dynamics, mutants, accu-
racy and RNA folding.

→ Probability distributions are
required.
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Skewed distributions

Some of the most famous toroidal distributions in the literature share a common
feature: symmetry around the location on the torus. However, several datasets are
not symmetric!

In Ameijeiras-Alonso and Ley (2022), sine-skewed distributions are proposed. For
ω ↑ Rd the base density f (ω ↓ µ;ωωω) is transformed into

ω ↔↗ f (ω ↓ µ; ε)
(

1 +
d∑

j=1
εj sin(ϑj ↓ µj)

)
,

where εεε ↑ [↓1, 1]d plays the role of skewness parameter and satisfies∑d
j=1 |εj | ↘ 1.

Likelihood ratio tests were given in Ameijeiras-Alonso and Ley (2022), but they
are parametric
→ e!cient tests which are generally valid are needed.

Sophia Loizidou Optimal tests for symmetry on the torus September 5, 2025 6 / 20



Skewed distributions

Some of the most famous toroidal distributions in the literature share a common
feature: symmetry around the location on the torus. However, several datasets are
not symmetric!

In Ameijeiras-Alonso and Ley (2022), sine-skewed distributions are proposed. For
ω ↑ Rd the base density f (ω ↓ µ;ωωω) is transformed into

ω ↔↗ f (ω ↓ µ; ε)
(

1 +
d∑

j=1
εj sin(ϑj ↓ µj)

)
,

where εεε ↑ [↓1, 1]d plays the role of skewness parameter and satisfies∑d
j=1 |εj | ↘ 1.

Likelihood ratio tests were given in Ameijeiras-Alonso and Ley (2022), but they
are parametric
→ e!cient tests which are generally valid are needed.

Sophia Loizidou Optimal tests for symmetry on the torus September 5, 2025 6 / 20



Skewed distributions

Some of the most famous toroidal distributions in the literature share a common
feature: symmetry around the location on the torus. However, several datasets are
not symmetric!

In Ameijeiras-Alonso and Ley (2022), sine-skewed distributions are proposed. For
ω ↑ Rd the base density f (ω ↓ µ;ωωω) is transformed into

ω ↔↗ f (ω ↓ µ; ε)
(

1 +
d∑

j=1
εj sin(ϑj ↓ µj)

)
,

where εεε ↑ [↓1, 1]d plays the role of skewness parameter and satisfies∑d
j=1 |εj | ↘ 1.

Likelihood ratio tests were given in Ameijeiras-Alonso and Ley (2022), but they
are parametric
→ e!cient tests which are generally valid are needed.

Sophia Loizidou Optimal tests for symmetry on the torus September 5, 2025 6 / 20



Optimal tests for symmetry

We wish to test
H0 : ϑ = 0 vs H1 : ϑ ≃= 0

over all possible symmetric f0 in

fµ,ω(ω) = f0(ω ↓ µ)
(

1 +
d∑

j=1
εj sin(ϑj ↓ µj)

)
, ϑ ↑ [↓1, 1]d ,

d∑

j=1
|εj | ↘ 1.

We shall proceed in two steps:
1. build an e!cient parametric test under specified f
2. render it semi-parametric

To achieve these goals, we use the Le Cam theory of asymptotic experiments.
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The LAN property and limit experiments

We want to construct inferential procedures for a certain parameter ϖϖϖ in a
parametric family fωωω.

LAN property of this family in a neighborhood ϖϖϖ(n)
0 of a fixed value ϖϖϖ0:

L(X1,...,Xn)
ωωω(n)

0 +n→1/2εεε/ωωω(n)
0 ;f

= ϱϱϱ →!!!(n)
f (ϖϖϖ(n)

0 ) ↓
1
2ϱϱϱ →”””f (ϖϖϖ0)ϱϱϱ + oP(1)

for n ↗ ⇐ under fωωω0 , and !!!(n)
f (ϖϖϖ(n)

0 ) is asymptotically normal.

Likelihood ratio (for a single observation !!!) of the Gaussian shift model with shift
”””f (ϖϖϖ0)ϱϱϱ : ϱϱϱ →!!! ↓

1
2ϱϱϱ →”””f (ϖϖϖ0)ϱϱϱ .

Similarities, locally (in ϖϖϖ) and asymptotically (in n), with the Gaussian shift model!

→ import optimal procedures from the (well-known) Gaussian world to the initial
setting in order to obtain (asymptotically) optimal parametric procedures!
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The (Uniformly)LAN property

Under very mild regularity assumptions on f0 we get

Property

The sine-skewed family is ULAN at (µµµ(n), 0) = (µ(n)
1 , · · · , µ

(n)
d , 0, · · · , 0). More precisely, for any

µ
(n)
i = µi + O(n→1/2), i = 1, . . . , d , and for any bounded sequence

ωωω (n) := (ωωω (n)
1 , · · · ,ωωω

(n)
2d )↑ → R2d , we have

!(n) := log

Ö
P(n)

(µµµ(n),0)+n→1/2ωωω (n);f0

P(n)
(µµµ(n),0);f0

è

= ϖ (n)↑”(n)
f0

(µµµ(n)) ↑
1
2

ϖ (n)↑#f0 ϖ (n) + oP(1)

and the central sequence

”(n)
f0

(µµµ) = 1
↓

n

n∑

i=1





εf0
1 (ϑϑϑ ↑ µµµ)

...
εf0

d (ϑϑϑ ↑ µµµ)
sin(ϑ1i ↑ µ1)

...
sin(ϑdi ↑ µd )





D↑↔ N
(
0, #f0

)
,

all under H0 when n ↔ ↗, where εf0
j (ϑϑϑ ↑ µµµ) = ↑

ω
ωεj

f0(εεε→µµµ)

f0(εεε→µµµ) , for j → {1, . . . , d}, and #f0 is the
Fisher Information matrix.
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E!cient tests around a specified symmetry center

For I f0
ϑj ϑk

=
∫

[↑ϖ,ϖ)d sin(ϑj ↓ µj) sin(ϑk ↓ µk)f0(ω ↓ µ)dω define

!(n)
ϑ (µ) = 1

⇒
n

n∑

i=1

Ö
sin(ϑ1i ↓ µ1)

...
sin(ϑdi ↓ µd)

è

, ”f0;ϑ =

Ö
I f0
ϑ1ϑ1

. . . I f0
ϑ1ϑd... . . . ...

I f0
ϑ1ϑd

. . . I f0
ϑd ϑd

è

.

The parametric test statistic is given by

Q(n);µ
f0

=
Ä
!(n)

ϑ (µ)
ä↭

(”f0;ϑ)↑1 !(n)
ϑ (µ).

The semi-parametric test statistic is

Q↓(n);µµµ =
Ä
!(n)

ϑ (µµµ)
ä↭ Ä

”̃ϑ

ä↑1
!(n)

ϑ (µµµ)

for ”̃ϑ =

Ö
Ĩϑ1ϑ1 . . . Ĩϑ1ϑd

... . . . ...
Ĩϑ1ϑd . . . Ĩϑd ϑd ,

è

where Ĩϑj ϑk = 1
n

∑n
i=1 sin(ϑji ↓ µj) sin(ϑki ↓ µk).
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Asymptotic results

Denoting by P(n)
(µµµ,ϑϑϑ)↑,f0

the joint distribution of {ϑϑϑi}
n
i=1, we show that:

It holds that under ⇑f0↔F P(n)
(µµµ,0)↑,f0

,

Q↓(n);µµµ D
↓↗ ς2

d

as n ↗ ⇐.

It holds that under P(n)
(µ,n→1/2ε (n))↑,f0

,

Q↓(n);µ D
↓↗ ς2

d(ϖ↭”f0;ϑϖ )

as n ↗ ⇐ with ϖ = limn↗↘(ϱ (n)
d+1, . . . , ϱ (n)

2d ).

The test is uniformly (in f0) locally and asymptotically maximin optimal
against sine-skewed alternatives.
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Error bounds using Stein’s method

What about a limited sample size?

For h ↑ C6
b (R),

∣∣∣Eh(Q↓(n);µµµ) ↓ Eh
(
ς2

d
)∣∣∣

↘

∣∣∣Eh(Q↓(n);µµµ) ↓ Eh(Q(n);µµµ
f0

)
∣∣∣ (1)

+
∣∣∣Eh(Q(n);µµµ

f0
) ↓ Eh

(
ς2

d
)∣∣∣ (2)

↘ C/
⇒

n

(2) can be bounded using Theorem 2.4 of Gaunt and Reinert (2023)

(2) ↘ C1/n

for a constant C1.

• (1) requires much more work

(1) ↘ C2/
⇒

n

for a constant C2.
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Simulations
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Simulations framework: increasing ⇓ωωω⇓1

The percentage of rejections of the test for increasing ⇓εεε⇓1 at the 5% level of
significance is plotted.
5000 samples were generated for each value of ⇓εεε⇓1.
ε1 = ε2 = 0.05 and ε3 is increasing.
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Symmetry tests for unspecified location
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Symmetry tests for unspecified location - parametric test

We need a new central sequence that is orthogonal to

!(n)
µ;f0

(µµµ) = 1
⇒

n

n∑

i=1

Ö
φf0

1 (ϑϑϑ ↓ µµµ)
...

φf0
d (ϑϑϑ ↓ µµµ)

è

.

This can be calculated by

!(n)↓
ϑ;f0

(µµµ) = !(n)
ϑ (µµµ) ↓ Covf0

Ä
!(n)

ϑ (µµµ), !(n)
µ;f0

(µµµ)
ä

Var
Ä
!(n)

µ;f0
(µµµ)
ä↑1

!(n)
µ;f0

(µµµ).

For estimators µ̂µµ(n) of µµµ that satisfy mild assumptions, the parametric test is given
by:

Q(n)
f0

=
Ä
!(n)↓

ϑ;f0
(µ̂µµ(n))

ä↭
Var
Ä
!(n)↓

ϑ;f0
(µ̂µµ(n))

ä↑1 Ä
!(n)↓

ϑ;f0
(µ̂µµ(n))

ä
.
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Semi-parametric test

The expression was calculated assuming f0. What if the true underlying density is
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Then,
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ä↭ ÄĈf0 (µ̂µµ(n))

ä→1 !̃↓(n)
ϑ;f0 (µ̂µµ(n)).

Sophia Loizidou Optimal tests for symmetry on the torus September 5, 2025 15 / 20



Semi-parametric test

Asymptotic results
Under ⇑µµµ↔[↑ϖ,ϖ)d ⇑g0↔F P(n)

(µµµ,0);g0
as n ↗ ⇐

Q↓(n)
f0

(µ̂(n)) D
↓↗ ς2

d .

Under ⇑µ ↔[↑ϖ,ϖ)d P(n)
(µµµ,n→1/2ε (n))↑,g0

Q↓(n)
f0

(µ̂(n)) D
↓↗ ς2

d

(
ϖ↭C f0

g0(µµµ)V f0
g0 (µµµ)↑1C f0

g0(µµµ)ϖ
)

as n ↗ ⇐ with
V f0

g0 (µµµ) = Varg0

Ä
!̃ϑ;f0;g0(µµµ)

ä

and
C f0

g0(µµµ) = Covg0

Ä
!̃ϑ;f0;g0(µµµ), !ϑ(µµµ)

ä
.

The test is locally and asymptotically maximin when testing H0 against
⇑µ ↔[↑ϖ,ϖ)d P(n)

(µµµ,n→1/2ε (n))↑,f0
.
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Error bounds using Stein’s method

For h ↑ C6
b (R), and constants M1, M2, M3 and M,

∣∣∣Eh(Q↓(n)
f0

(µ̂(n))) ↓ Eh
(
ς2

d
)∣∣∣

↘

∣∣∣Eh(Q↓(n)
f0

(µ̂(n))) ↓ Eh(Q↓(n)
f0

(µ))
∣∣∣

+
∣∣∣Eh(Q↓(n)

f0
(µ)) ↓ Eh(Q(n)

f0
(µ))

∣∣∣

+
∣∣∣Eh(Q(n)

f0
(µ))) ↓ Eh

(
ς2

d
)∣∣∣

↘ M1/
⇒

n + M2/
⇒

n + M3/n
↘ M/

⇒
n

Further assumption:

Assumption

Eg0

î
(µ̂(n)

j ↓ µj)2
ó

= O
( 1

n
)
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Simulations: increasing n
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Real data

We consider the molecular dynamic
trajectory of the SARS-CoV-2 spike
domain, in a position where an ↼-
helix occurs → unimodal data.

It is a known fact in biology that the
↼ helix occurs when the consecutive
(φ, ↽) angle pairs are around (-60,-
50) (Tooze (1998)).

In this case ⇀ = 0. So we check for
symmetry around (↓60, ↓50, 0) and
for an unspecified symmetry center.

Both tests reject the null hypothesis
of symmetry at all commonly used
levels of significance.
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Thank you!

sophia.loizidou@uni.lu
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