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Introduction

Directional statistics deals with data on non-linear manifolds.

This data arises in earth sciences, meteorology, astronomy, life sciences, etc.
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Protein data

Jacobsen et al. (2023) Garcia-Portugués et al. (2015)
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Protein structure
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Jacobsen et al. (2023)
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Protein structure
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Lane (2023)
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e Open questions in the areas
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e Demis Hassabis and John
Jumper won the Nobel Prize
in Chemistry 2024 for pro-
tein structure prediction.

e Open questions in the areas
of dynamics, mutants, accu-
racy and RNA folding.

= Probability distributions are
Fig.2| 1d2 theRandT requ i red .

states. Shown are experimental structures of O,- or CO-bound (R, orange)

Lane (2023)
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Skewed distributions

Some of the most famous toroidal distributions in the literature share a common

feature: symmetry around the location on the torus. However, several datasets are
not symmetric!
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Skewed distributions

Some of the most famous toroidal distributions in the literature share a common
feature: symmetry around the location on the torus. However, several datasets are
not symmetric!

In Ameijeiras-Alonso and Ley (2022), sine-skewed distributions are proposed. For
0 € RY the base density f(6 — u;¥) is transformed into

d
00— f(0—w) (1 + Z)\jsin(ﬂj - ,uj)> ,
j=1

where A € [—1,1]9 plays the role of skewness parameter and satisfies
d
Zj:l |)‘j| <1l
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Skewed distributions

Some of the most famous toroidal distributions in the literature share a common
feature: symmetry around the location on the torus. However, several datasets are
not symmetric!

In Ameijeiras-Alonso and Ley (2022), sine-skewed distributions are proposed. For
0 € RY the base density f(6 — u;¥) is transformed into

d
00— f(0—w) <1+Z)\jsin(9j ,uj)> ,

j=1

where A € [—1,1]9 plays the role of skewness parameter and satisfies
d
Zj:l |)‘j| <1l

Likelihood ratio tests were given in Ameijeiras-Alonso and Ley (2022), but they
are parametric
= efficient tests which are generally valid are needed.
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Optimal tests for symmetry

We wish to test
Ho:A=0 vs Hi:A#0

over all possible symmetric fj in

d
A (0) = f(8 — ) <1+ZAsm ) Ae 1,109 Iyl <1

j=1
We shall proceed in two steps:

1. build an efficient parametric test under specified f

2. render it semi-parametric

To achieve these goals, we use the Le Cam theory of asymptotic experiments.
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The LAN property and limit experiments

We want to construct inferential procedures for a certain parameter n in a
parametric family f,.

LAN property of this family in a neighborhood 'r)g") of a fixed value 7q:

(Xtye, Xn) A () L
ﬂé”l>+"*1/2‘r/7lg"):f = T/Afn (770" ) - ETlrf("IO)T + OP(l)

for n — 0o under f,,, and A (n{") is asymptotically normal.
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The LAN property and limit experiments

We want to construct inferential procedures for a certain parameter n in a
parametric family f,.

LAN property of this family in a neighborhood 'r)g") of a fixed value 7q:

(Xtye, Xn) A () L
ﬂé”l>+"*1/2‘r/7lg"):f = T/Afn (770" ) - ETlrf("IO)T + OP(l)

for n — 0o under f,,, and A (n{") is asymptotically normal.

Likelihood ratio (for a single observation A) of the Gaussian shift model with shift
Fe(no)r: T/A — 37T ¢(no)T.
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The LAN property and limit experiments

We want to construct inferential procedures for a certain parameter n in a
parametric family f,.

LAN property of this family in a neighborhood 'r)g") of a fixed value 7q:

(X X0) _ Ay _ L
né"1>+n71/2r/né"’;f =AM m") - QTT{("O)T +oe(l)
for n — 0o under f,,, and A (n{") is asymptotically normal.

Likelihood ratio (for a single observation A) of the Gaussian shift model with shift
Fe(no)r: T/A — 37T ¢(no)T.

Similarities, locally (in 1) and asymptotically (in n), with the Gaussian shift model!

= import optimal procedures from the (well-known) Gaussian world to the initial
setting in order to obtain (asymptotically) optimal parametric procedures!
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The (Uniformly)LAN property

Under very mild regularity assumptions on fy we get

Property

The sine-skewed family is ULAN at (u("),0) = (ugn), e ,u&"), 0,---,0). More precisely, for any
ug") = pi4+ O(n~/2),i=1,...,d, and for any bounded sequence

A = (,,.g")7 . ,Tg’;))’ € R4, we have

(n)
P(M(")>0)+n*1/2r(”):fo

A .~ log z — 70 AL () %T(nwrm(n) +op(1)
P(I_,,(”),O);fo
and the central sequence io 6—p)
AW () = ij: 4900 — ) 2y N(0,T)
fo Vvn = sin(601; — p1) e
sin(fg; — )
£ 5-f0(0—p) ) )
all under Hy when n — co, where <z>j°(0 —p) = fW, forje{l,...,d}, and Tg is the

Fisher Information matrix.
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Efficient tests around a specified symmetry center

For I/@Ak = f[_ﬂ 0 SN0 — 117) sin(0k — 1) fo (6 — p1)d define

L sin(01; — 1) ’ﬁ,\l ’gxd
A (n) = NG > : v Tan = C
=1\ sin(0gi — pid) 1o [f

di — Md MAd 0 g

The parametric test statistic is given by

QU = (A1) (M) AP ().

Sophia Loizidou Optimal tests for symmetry on the torus September 5, 2025



Efficient tests around a specified symmetry center

For I@Ak = f[_ﬂ 0 SN0 — 117) sin(0k — 1) fo (6 — p1)d define

. % f
" 1 n Sln(91; — [1,1) IA01>\1 N IAO1>\d
AN (N):%Z : s Tea= : R :
=1\ sin(0ai — 1a) I§)1>\d .. Ig’d/\d
The parametric test statistic is given by
n); n T —1 n
QU = (AL (w)" (M) AT (1),
The semi-parametric test statistic is
. T/~ \—1
Q= (a0(w)" (F) A7 W)
7)\1)\1 e 7,\1)\d
for I:,\ = where 7)\j,\k = % 27:1 sin(9j,- — /J,j) sin(Hk; — ,uk).
7>\1Ad “ e 7Ad>\d’
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Asymptotic results

Denoting by P((Z)A)’ , the joint distribution of {0;}_;, we show that:
e It holds that under Ufoe].‘P((l:?o),,fo,
Q min 2, 2

as n — o0.
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Asymptotic results

Denoting by P((Z)A)’ , the joint distribution of {0;}_;, we show that:
e It holds that under Ufoe}‘P((l:?o),,fo,
Q min 2, 2

as n — o0.

o It holds that under P((Z)

7n_1/2‘r<"))’7f0'
. D
QM =5 (1T gaT)

as n — oo with 7 = Iim,,_mo(T((,'Bl, .. .,72(2,)).
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Asymptotic results

Denoting by p  r, the joint distribution of {0;}_;, we show that:

(1,2
@ It holds that under Ufoe}‘P((Z)o)/ for
w(n)yp D
QM# =5\
as n — 0.

o It holds that under P((Z)

7n_1/2‘r<"))’7f0'
4 D 2
QM = \A(TTTfaT)
. . n n
as n — oo with 7 = I|m,,_>oo(7-((,+)1, .. .,72(0,)).

@ The test is uniformly (in fy) locally and asymptotically maximin optimal
against sine-skewed alternatives.
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Error bounds using Stein’s method

What about a limited sample size?
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Error bounds using Stein’s method

What about a limited sample size? For h € CS(R),

ErQ") - ()
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Error bounds using Stein’s method

What about a limited sample size? For h € CS(R),

[EA(Q*™#) —Eh (x3)| < [ER(Q"™*) — EA(Q{"™)| (1)
+ [ERQP™ -ER ()| ()
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Error bounds using Stein’s method

What about a limited sample size? For h € CS(R),

[EA(Q*™#) —Eh (x3)| < [ER(Q"™*) — EA(Q{"™)| (1)
+ [ERQP™ -ER ()| ()

@ (2) can be bounded using Theorem 2.4 of Gaunt and Reinert (2023)
(2)<G/n

for a constant (.
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Error bounds using Stein’s method

What about a limited sample size? For h € CS(R),

[EA(Q*™#) —Eh (x3)| < [ER(Q"™*) — EA(Q{"™)| (1)
+ [ERQP™ -ER ()| ()
< C/Vn

@ (2) can be bounded using Theorem 2.4 of Gaunt and Reinert (2023)
(2)<G/n

for a constant (.

e (1) requires much more work

(1) < G/vn

for a constant G,.
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Simulations
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Simulations framework: increasing ||\

@ The percentage of rejections of the test for increasing ||A||1 at the 5% level of
significance is plotted.

@ 5000 samples were generated for each value of ||A]|;.

@ A\ = X\ =0.05 and A3 is increasing.
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Simulations framework: increasing ||\

@ The percentage of rejections of the test for increasing ||A||1 at the 5% level of
significance is plotted.

@ 5000 samples were generated for each value of ||A]|;.

@ A\ = X\ =0.05 and A3 is increasing.
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Symmetry tests for unspecified location
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Symmetry tests for unspecified location - parametric test

We need a new central sequence that is orthogonal to

o O —n)
A ( :
=% 56 - 1)
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Symmetry tests for unspecified location - parametric test

We need a new central sequence that is orthogonal to

o O —n)
A ( :
=% 56 - 1)

This can be calculated by

n)* n n n n -1 n
ALY (1) = A () — Covg, (A0 (1), ALY (1)) Var (A% () AL (w).
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Symmetry tests for unspecified location - parametric test

We need a new central sequence that is orthogonal to

o 20— p)
A ( :
=% 56 - 1)

This can be calculated by

n)* n n n n -1 n
ALK () = AL () — Covr, (A5 (1), ALY (1)) Var (A7} () ALY (1):

For estimators p, ) of p that satisfy mild assumptions, the parametric test is given
by:

0 = () Var (85 6) (8 6).
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Semi-parametric test

The expression was calculated assuming fy. What if the true underlying density is
&o (that satisfies the same assumptions)?
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Semi-parametric test

The expression was calculated assuming fy. What if the true underlying density is
&o (that satisfies the same assumptions)? Then,

Covg, (A4 (1), AL (1)) # 0.
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Semi-parametric test

The expression was calculated assuming fy. What if the true underlying density is
&o (that satisfies the same assumptions)? Then,

Covg, (D% (), B, () # 0.
Solution: re-define the central sequence

n)x n n n n -1 n
AU () = A0 () — Covy (AL (), AL (1)) Var (A% (1)~ AL (1)

wifo wifo
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Semi-parametric test

The expression was calculated assuming fy. What if the true underlying density is
&o (that satisfies the same assumptions)? Then,

Covg, (D% (), B, () # 0.
Solution: re-define the central sequence

n)* n n n n -1 n
DS () = A () = Covg (A0 (), AL} () Var (AT () AT (1)

4 4
n n n n n -1 n
e (1) = A (1) = Covgy (A7 (1), A, (1)) Covey (AL (1), ALY (1)) AL ()
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Semi-parametric test

The expression was calculated assuming fy. What if the true underlying density is
&o (that satisfies the same assumptions)? Then,

Covg, (AVF (1), AL, (1)) #0
Solution: re-define the central sequence

A () = AP () — Covg (B (1) AL () ) Var (AT () AL, ()

pifo \Hb
i N
AL (1) = A (1) — Covgy (AL (1), AL (1)) Covigy (AT, (), ALY (1))~ AL (1)
1 N

n n 7 ~(n 7 A(n -1 n A(n
AR@™) = a0 @) =150 (1,50)) Al @)
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Semi-parametric test

The expression was calculated assuming fy. What if the true underlying density is
&o (that satisfies the same assumptions)? Then,

Covg, (AVF (1), AL, (1)) #0
Solution: re-define the central sequence

AU (i) = AL () — Covg (A (), A, ())Var (AY), (1))~ AL, (1)

i N
AL (1) = A (1) — Covgy (AL (1), AL (1)) Covigy (AT, (), ALY (1))~ AL (1)
1 N

n n 7 ~(n 7 ~(n -1 n ~(n
AR = aQ@") - Tp @) (13@™) Al @)
The test statistic is given by

Q" (™) = (B E™) (Ca(a™)) ™ AR @),
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Semi-parametric test

Asymptotic results

o Under Uye(—r x)d Uger P((;?O);go as n — 00

*(n) s a(n D
Q" (M) Bs 2.
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Semi-parametric test

Asymptotic results

o Under Uye(—r x)d Uger P((;?O);go as n — 00

*(n) s a(n D
Q" (M) Bs 2.

o Under UM e[_mﬂ—)dP((Z?nfuz.,.(n))/’go

*(n)/ a(n D —
QA" By 3 (7 CE (W) Ve () C )T
as n — oo with B
Vi (i) = Varg, (B (1))

and
Ch (1) = Covg, (Binigo (1), Da(m)) -

Sophia Loizidou Optimal tests for symmetry on the torus September 5, 2025



Semi-parametric test

Asymptotic results
o Under Uye(—r x)d Uger P((;?O);go as n — oo

*(n) s a(n D
Q" (M) Bs 2.

o Under UM e[_mﬂ—)dP((Z?nfuz.,.(n))/’go

*(n)/ a(n D —
QA" By 3 (7 CE (W) Ve () C )T
as n — oo with B
Vi (i) = Varg, (B (1))

and
Ch (1) = Covg, (Binigo (1), Da(m)) -

@ The test is locally and asymptotically maximin when testing Hy against

(n)
Uu e[—m,m)d P(“,nfl/ZT(n))/Jb'
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Error bounds using Stein’s method

For h € C3(R), and constants My, Mo, M3 and M,

[EA(Q" () ~ Eh (x3)]
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Error bounds using Stein’s method

For h € C3(R), and constants My, Mo, M3 and M,
[EAQ" (")) ~ B (x3)| < [EA(QE"(A™)) — EA(QH™ (1)
+ [EA(Q;" (1) — EA(QY ()|

+ [EA(QL (1)) — Eh (:3)]

Sophia Loizidou Optimal tests for symmetry on the torus September 5, 2025



Error bounds using Stein’s method

For h € C3(R), and constants My, Mo, M3 and M,

[EAQ" (")) ~ B (x3)| < [EA(QE"(A™)) — EA(QH™ (1)
+ [EA(Q;" (1) — EA(QY ()|

+ [EA(QL (1)) — Eh (:3)]
I\/I3/n

IN
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Error bounds using Stein’s method

For h € C3(R), and constants My, Mo, M3 and M,

[EAQ" (")) ~ B (x3)| < [EA(QE"(A™)) — EA(QH™ (1)

+ [EA(Q;" (1) — EA(QY ()|

+ [EA(QL (1)) — Eh (:3)]
M,/\/n + Ms/n

IN

Sophia Loizidou Optimal tests for symmetry on the torus September 5, 2025



Error bounds using Stein’s method

For h € C3(R), and constants My, Mo, M3 and M,

[EAQ" (")) ~ B (x3)| < [EA(QE"(A™)) — EA(QH™ (1)

+ [EA(Q;" (1) — EA(QY ()|

+ [EA(QL (1)) — Eh (:3)]
M,/\/n + Ms/n

IN

Further assumption:

S
SN—

Eg, [(2" — )] = O
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Error bounds using Stein’s method

For h € C3(R), and constants My, Mo, M3 and M,

[EAQ" (")) ~ B (x3)| < [EA(QE"(A™)) — EA(QH™ (1)
+ [EA(Q;" (1) — EA(QY ()|
+ [EA(QL (1)) — Eh (:3)]
< My/Vn + My/\/n + Ms/n

Further assumption:

S
SN—

Eg, [(2" — )] = O
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Error bounds using Stein’s method

For h € C3(R), and constants My, Mo, M3 and M,

[EAQ" (")) ~ B (x3)| < [EA(QE"(A™)) — EA(QH™ (1)
+ [EA(Q;" (1) — EA(QY ()|
+ [EA(QL (1)) — Eh (:3)]

< My/Vn + My/\/n + Ms/n
< M/vVn

Further assumption:

S
SN—

Eg, [(2" — )] = O
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Simulations: increasing n

fo = fowe(; 51 = 0.5,k2 = 0.5, p = 0.7) fo = fuwel:ip1 = 0.1) fuc( p2 = 0.1)
90 = fowe(; 81 = 0.5, k9 = 0.5,p = 0.7) 90 = fowe(; 81 = 0.5, k9 = 0.5, p = 0.3)
A =0.15, 0 = 0.15 A = 0.15, 0 = 0.15
T T T T T T T T T
1 . 1 .
g 08| 15 08} a
E E
206 4 806 8
Gy Gy
[} o}
(9] )
D041 4 o4l B
= =
8 ]
7 0.2 4 3 02F b
a9 =%
o a o a
Il Il Il Il Il Il Il Il Il Il Il Il Il
1,000 2,000 3,000 4,000 5,000 6,000 7,000 0 1,000 2,000 3,000 4,000 5,000
Sample size Sample size
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o We consider the molecular dynamic
trajectory of the SARS-CoV-2 spike
domain, in a position where an a-
helix occurs = unimodal data.

@ It is a known fact in biology that the
« helix occurs when the consecutive
(¢, ¥) angle pairs are around (-60,-
50) (Tooze (1998)).

@ In this case w = 0. So we check for
symmetry around (—60, —50,0) and
for an unspecified symmetry center.
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o We consider the molecular dynamic
trajectory of the SARS-CoV-2 spike
domain, in a position where an a-
helix occurs = unimodal data.

@ It is a known fact in biology that the
« helix occurs when the consecutive
(¢, ¥) angle pairs are around (-60,-
50) (Tooze (1998)).

@ In this case w = 0. So we check for
symmetry around (—60, —50,0) and
for an unspecified symmetry center.

@ Both tests reject the null hypothesis
of symmetry at all commonly used
levels of significance.
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Thank you!

sophia.loizidou®uni.lu
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