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Introduction

‘ Motivations and contributions.

a Hamiltonian Monte Carlo (HMC) and the NUTS intuition.

e Dynamic HMC algorithms.



Introduction

Bayesian Computational goals :

Compute deir, denoting by f a test function and x a target distribution.

Monte Carlo (MC) :

Markov Chain Monte Carlo (MCMC) :

Metropolis Hasting algorithm (MH) :

Hamiltonian Monte Carlo (HMC) :
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State of the art
No U-Turn Sampler (NUTS) :

[Hoffman and al, 2011]
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How ?
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N . .d
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NUTS is used in PyMC3, Stan and Turing, widely used

software for Bayesian computational statistics.

Other libraries use Gibbs sampling for its flexibility. (BUGS, JAGS)

OK, in practice, everyone use NUTS when it is possible,
but why does it work well ?




Litterature on the qualitative properties of HMC and NUTS.

m-invariance Ergodicity Geometric ergodicity

Qualitative
JK(x,->dﬂ=ﬂ lim | |K"(x, ) = 7| |, =0, [|K"(x, ) = x|]o, = O(p™), p<1

property oo
HMC
. . [Duane and al, 1987] [Durmus and al, 2017] [Durmus and al, 2017]
T is fixed
N UTS Appendix of Q

1 varies

[Betancourt, 2017] @

Not reviewed




Our contributions on the qualitative properties of HMC and NUTS.

Qualitative
property

T-lnvariance

JK(x, dr=nx

Ergodicity

lim || K"Cx, ) = ||, = 0.

n—oo

Geometric ergodicity

|| K"x, ) — x|, = O(p"), p<I

HMC
T is fixed

NEW !

Without bounding the stepsize
[Durmus and al, 2023]

@

NUTS
1 varies

@

Appendix of
[Betancourt, 2017]

Not reviewed
NEW !

+ give a proof with a
general formalism

[Durmus and al, 2023]

NEW ! Q

By bounding the stepsize /

and the HMC'’s assumptions on U,
or without bounding the stepsize
with more stringent regularity

conditions on U.

[Durmus and al, 2023]

NEW ! Q

Conditions of the ergodicity +
Conditions of HMC geometric
ergodicity

[Durmus and al, 2023]




Why this paper was not done before ?

a The study of NUTS is highly technical.
We introduce a general formalism and explicit expressions.

Q NUTS relies on a stopping time (g, pg) € (! N2 s S(a, 90> Po)-
Its regularity is hard to analyze.

Theoretical properties are not very attractive.
We try to stick to the practical situation framework.
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Hamiltonian Monte Carlo

L L ' 1 1 1 I 1 | 1 I 1 1 | I 1 1 1 | 1 1 1 ' ' | ' 1

Define potential energy U(g) = — log(n(q)) and Hamiltonian i anehanaNie el

H(q.p) = U(g) + p'p/2forany (q,p) € (R)”. =N

Hamiltonian dynamics (g(¢), p(¢)) € (R%)?, forany ¢t > 0. | 2//'//////
) _ g e RN
i (q(1), p(1)) = p(?) BaN

d U NN e P
SUS vV, H(q(t), p(®) = — VU(q(?)) s ITITE s |

L L : | L L L | 1 L L | L 1 L 1 L L 1 L ) . L L 1 L 1

HMC algorithm (h, T') ’
Hamiltonian dynamics related to a pendulum.

At iteration t, Markov chain at state X, :

1. Sample Py ~ #(04 1) and set (¢(0), p(0)) = (X,. Py)

2. Solve dynamics over time lengths T with the leapfrog integrator using (/2, 7') to get CD;T)(XP Py = (qT, pT).

(MH) 3. Sample U* ~ 2% (]0,1]). If U* < min { 1,exp [H(qo,po) — H(qT,pT)] }, set X,. | = qp, otherwiseset X, .| = X,.



Hamiltonian Monte Carlo

The Hami
If T"is too large, the

The sampler efficiency related to the energy loss during the numerical integration
[H(qo,po) — H(qT,pT)] depends on the physical time /T .

tonian dynamics can create cycles.

oroposition can be close to the starting point !

How to select /1, T'?




The intuition behind the No U-Turn Sampler.

No U-turn criteria between T, and 75, by denoting CIDg)(qO,pO) = (g;, p;) for any (g, py) € (R,

FqTOl’Tz(Po) = (g7, — QTI)TPT1 < Oor(gr, - QTl)TPT2 <0.

We can not just take the last point p, before the U-turn to have the target invariance !



The intuition behind the No U-Turn Sampler.

Stopping time regularity condition :
Forany g € R4 the following set is dense,

Foo={p R F " (p)#0,T), T, € [-25+ 1: 25— 12T, # T}

A more « human » condition to satisfy the previous one :

V U is L-lypschitz and the stepsize is bounded by C/(L2%») with C > 0.

or

7 is gaussian and the stepsize is in R*¥\ A with Z countable.
or

U is real-analyticand 1lim | V?U(g)| = 0

|g|— o0
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Introduction of Dynamic HMC kernels

’ Leth > 0,K € N and let an orbit selection kernel

be a family of probability distributions on Z([—2%m, ... 258n])

{P.C- 190, Po) = (g0, Pp) E (I 42}

a [Let an index selection kernel
be a family of probability distributions on [—2%, ... 25%n]

{Qu(- 13,0, po) = I C [=2%2,2%], (qo, pp) € (1
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Dynamic HMC algorithm

Define the Dynamic HMC (P,, Q,) as the 1. Sample P, ., ~ V(0,4 1))
Markov chain (Q,),ndefined by the

2. Sample 1, . with distribution P, ( - P
following steps that define O, | given Q, : PIE Lit1 1 O Prit)

3. S(Jmp/e Jk+1 with distribution Qh( . ‘ Ik-l—l’ Qk’ Pk-l—l)

4. Set Q.1 = proj, { CD‘;I"“(Q,C, P 1) }, where

proj; : (x,y) € (RH? = x € R
HMC case :

P,M“({0.T} | g, po) = 1

~(p'T) ~pT)
QhHMC( N (0.7} q0.p0) = 1 A 7T( ~h (90> Po)) s+ (1-1A 7i( ~h (40 Po)) 5.( )
(405 Po)

where we denote by (g, p) x exp(—H(q, p)) = n(q) X exp(—p ' p/2)



Dynamic HMC properties

General expression of the Dynamic HMC kernel for any A € B(R%):

K, (qo, A) = [ N (p; 0y, Id)(Po)Kh((Q()aPo)a A)d p,

Kh((QO’ pO)a A) — Z 2 Ph(J ‘ q09 pO)Qh(.] ‘ J9 Q(b po)éproj1(d)§,j)(qupo))(A)
IcZ jel

[t is not a trivial extension of the HMC case Kh(qo, A) # Z a)j(qo) K;EI,?/IC(QO, A)
jez

Proposition :

Assume that (P, Q,) satisty the following equation for any (g, py) € (RH2JCc Z:

#do PPy (V140 20) = D 1OV (@57 (G0, p0) ) Py (341950, ) Q (719 +J a0, o)
jez

Then, K, leaves the target measure 7 invariant

13



Dynamic HMC properties

13

Assume,

For any (g, po) € (R9)?,J C Zand —j € J,P, (J + 1 D7(qp, po)) =P, (J1g0- 1),

Then, the invariant condition reduces to

7(qo» Do) = Z 1,00)7 (CDEQ_]. )(CIO»PO)) Qy, (j [+, (I);,l_j )(CIO»PO))
jEZ
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NUTS’ orbit selection kernel p,,

Inew et L R

Bl D) (102 7] . Sl ,/..»0»0\
® o : o - o Qo
do» Po O O/ d @®| Binary tree enable fast
C§ C§ 5 practical recursive
b\ i ;\ B,(1+2°) =[] -69]] implementation.
e @

vo=1 v, =0 v, =0 vy =1

b O S i e

Scheme of the construction of the index set Iyin the Algorithm 1 presented in [Durmus and al, 2023].

Symmetry property : Forany (g, py) € (Rd)z,J C Zand —j € J,P, (J +J| d)ﬁl‘j)(qo,po)) =P, (J ‘Q'Oapo)

Explicit expression of p,, in the paper.



Thank you again |
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NUTS selection kernel g, .

Starting
Multinomial 7 m, .
. Point l
weightson (zy,2)) my+m 7+ m
4 4| % <3 <4 5 s 27
k=0,V,=0 New | 'old New|__Jold ol | New OIld| | New
«— — — —
IA2 1-1A2
3 /2
k=1,V, =0 New Old Old New
E— 1
Acceptation Rejection
< >
AT -1 a2
71'2+7l'3 71'2+71'3
New
k=2,V,=1 old
Rejection — Acceptation
my+ s+ g+ oy + N5 + Nig + T
S_3 1_1/\4 5 6 7 > 1A 4+ 5+ 6+7
= Ty + 7 + M + 73 7o + m + my + 73

I — [|0,23 - 1 I] Z() - C]()apo ’ Zi = (DZ(ZO)’I € Ia @I(Z:;) = {Z()a -°-9Z7}a ”j = ;i'(zz)

ﬂ4+ﬂ5+ﬂ6+ﬂ7 7[0""7[1 Ty 7[4+7[5+7[6+757

4,(3,011,zp) = A -1A (A A ) q,(3,3|L,z) = (-1A

71'0+7[1+71'2+71'3 7'[2+71'3 71'0+ﬂ']

o+ m + m+ T + 73

yA-1A5FT My 12122

3
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Litterature on the qualitative properties of HMC and NUTS.

Qualitative
property

T-lnvariance

JK(x, dr=nx

Ergodicity

lim ||K"Cx, ) = 7|y, = O,

n—oo

Geometric ergodicity

|| K"x, ) — x|, = O(p"), p<I

HMC

<

By construction,
with the MH mechanism.

[Duane and al, 1987]

By assuming

V U lipschitz and
by bounding the stepsize A.

[Durmus and al, 2017]

<

U continuously differentiable

@

By assuming U
to be a gaussian perturbed
outside of a compact and

by bounding the stepsize A.
[Durmus and al, 2017]

NUTS

Less trivial to check, Q
performed in the @

Appendix of
[Betancourt, 2017]
Not reviewed




Our contributions on the gualitative properties of HMC and NUTS.

m-invariance Ergodicity Geometric ergodicity
Qualitative
JK(’X’)dﬂ:ﬂ hmllKn(xa)_ﬂllTvzoa ||Kn(xa)_ﬂ||%=0(pn)a ,0<1
property oo
NEW ! Q
By assuming U

| Without bounding the stepsize, to be a gaussian perturbed

H M C h B}\]/ constructlrc])n,. by assuming U to be a gaussian outside of a compact and

With the MIF mechanism. perturbated outside of a by bounding the stepsize A.

compact.
[Duane and al, 1987] [Durmus and al, 2023] [Durmus and al, 2017}

Less trivial to check, Q

NEW ! Q NEW ! Q

performed. in the By bounding the stepsize /1
N UTS Appendix of and the HMC’s assumptions on U, Conditions of the ergodicity +
[Betancourt, 2017] or v.vithout boupding the step.size Conditions of HMC geometric
Not reviewed NEW ! | with more stringent regularity ergodicity

conditions on U.

* rewrite a proof with a
general formalism

[Durmus and al, 2023] [Durmus and al, 2023] [Durmus and al, 2023]




Hamiltonian Monte Carlo

HMC algorithm (4, T')

At iteration t, Markov chain at state X, :
1. Sample py ~ A4 (0,4 1) and set g, = X,
2. Leapfrog integrator: define forany/ = 0,...,

hl2 h hl2
Y (q,p) =(q.p—tVUQ)),
Vg, p) = (g +1p,p).

for any (¢, p) € (R%)?and t > 0.
Then, set (47, pr) = ®" gy, po).
3. Sample U* ~ Z([0,1])
If U* < min { 1, exp |H(qy, o) — H(qr, p7)] }

Set X,, | = qr, otherwise set X, | =

T—1,
DD = (P o P2 o plh)y pi+) = o O,

(a) Euler’'s Method, stepsize 0.3

position (q)

(c) Leapfrog Method, stepsize 0.3

position (q)

momentum (p)

momentum (p)

(b) Modified Euler's Method, stepsize 0.3

position (q)

(d) Leapfrog Method, stepsize 1.2

Comparison of the Euler types and Leapfrog

methods on the Gaussian case.




